Lecture 4:
Neural Networks and
Backpropagation
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#
P Q’: Administrative: Assignment 1

Assignment 1 due Thursday 4/16 at 11:59pm
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}
é Q _ Administrative: Project Proposal
Due Thursday 4/23 11:59 pm
TA expertise is posted on the webpage.

(http://cs231n.stanford.edu/office hours.html)

We will release the project proposal details on 4/16.
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http://cs231n.stanford.edu/office_hours.html

#
P Q’: Administrative: Discussion Section

Discussion section tomorrow
(led by Favour Nerrise):

Backpropagation
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Student Spotlights

e Thank you for your engagement and improving the course experience!
o Hrithik Ketineni (Ed Post)
o Dhruva Bhagi (Ed Post)

o Jan Kopanski

o Adem Rimpapa

o Eyas Taifour

o Christopher Don Ciobanu
o Luis Oyson

o Yuliia Murakami
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https://edstem.org/us/courses/97362/discussion/7906878
https://edstem.org/us/courses/97362/discussion/7888300?answer=18282476

Recap
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Recap

- We have some dataset of (x,y)
- Wehaveascore function: eg s = f(z; W) = Wz
- We have aloss function:

regularization loss

. 8y, 4D score function =! y
Ly = — log( > & ) Softmax iif(xi,W) femks L
L = % Ef’il L; + R(W) Full loss Zi
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Finding the best W: Optimize with Gradient Descent

while
weights grad = evaluate gradient(loss fun, data, weights)
Landscapeimage is CCO 1.0 public domain weights += - step size * weights grad 1

Walking manimage is CCO 1.0 public domain
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http://maxpixel.freegreatpicture.com/Mountains-Valleys-Landscape-Hills-Grass-Green-699369
https://creativecommons.org/publicdomain/zero/1.0/
http://www.publicdomainpictures.net/view-image.php?image=139314&picture=walking-man
https://creativecommons.org/publicdomain/zero/1.0/

Gradient descent

df(z) _ . f@+h) - (@

dx h —0 h

Numerical gradient: slow ®, approximate ®, easy to write ©
Analytic gradient: fast ©, exact ©, error-prone ®

In practice: Derive analytic gradient, check your
implementation with numerical gradient
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Stochastic Gradient Descent (SGD)

Full sum is expensive

_ 1 when N is large!
LW) =+ Z_; Li(zi,yi, W) + AR(W) 5
1 f_\; Approximate sum using
_ . a minibatch of examples
VwL(W) = + ZI: VwLi(zi,yi, W) + AV R(W) 3 64 128 1 256

while |
data batch = sample training data(data, 256) # sample 256 examp
weights grad = evaluate gradient(loss fun, data batch, weights)
weights += - step size * weights grad # perform paramete; dat
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Last time: fancy optimizers

SGD

SGD+Momentum

RMSProp

Adam
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Last time: learning rate scheduling

40- Training Loss Step: Reduce learning rate at a few fixed points.

duce | , E.g. for ResNets, multiply LR by 0.1 after epochs
Reduce learning rate 30, 60, and 90.

l

1
Cosine: vy = 500 (1 4+ cos(tm/T))

Linear: oy = ag(l —t/T)

Inverse sqrt: vy = {IO/\/E

X0 :Initial learning rate
(Y4 :Learningrateatepocht
[’ :Total number of epochs
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Neural Networks
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Neural networks: the original linear classifier

(Before) Linear score function: f = Wz

reRP W e ROXP
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Neural networks: 2 layers

(Before) Linear score function: f = Wz
(Now) 2-layer Neural Network f= W, maX(O, Wm:)

r e RP W, € REXP W, e ROXH

(In practice we will usually add a learnable bias at each layer as well)
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Why do we want non-linearity?

Cannot separate red and
blue points with linear
classifier
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Why do we want non-linearity?

f(x,y) = (r(x,y), 0(x,y))

Cannot separate red and
blue points with linear
classifier

Fei-Fei, Adeli, Durante, Johnson, Xiang

v

Lecture4- 17

eQ

()

[ ]
® o
e ©

o

o
.'.
(]

[ )
P
[ ]
0..

[ ]

After applying feature
transform, points can be
separated by linear
classifier
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Neural networks: also called fully connected network

(Before) Linear score function: f = Wz
(Now) 2-layer Neural Network f = Waomax(0, Wiz)

r e RP. W, € REXP W, ¢ RE“*H

“Neural Network” is a very broad term; these are more accurately called
“fully-connected networks” or sometimes “multi-layer perceptrons” (MLP)

(In practice we will usually add a learnable bias at each layer as well)
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Neural networks: 3 layers

(Before) Linear score function: f = Wz

(Now) 2-layer Neural Network f = Waomax(0, Wiz)
or 3-layer Neural Network

f — W3 maX(O, W2 max(O, W1.’B))

T E RD;WJI c RHIXD,LVQ c RHQXH]_?WB c RCXHQ

(In practice we will usually add a learnable bias at each layer as well)
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Neural networks: hierarchical computation
(Before) Linear score function: f = Wz
(Now) 2-layer Neural Network f = Waymax(0, Wiz)

X | W1 h | W2 S

3072 100 10

r e RP W, e REXP W, ¢ REXH
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Neural networks: learning 100s of templates
(Before) Linear score function: f = Wz
(Now) 2-layer Neural Network f = Wamax(0, Wix)

3072
Learn 100 templates instead of 10. Share templates between classes
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Neural networks: why is max operator important?

(Before) Linear score function: f = Wz

(Now) 2-layer Neural Network f = Womax(0,|W;z)

The function max(0, z) is called the activation function.
Q: What if we try to build a neural network without one?

f — WQW1$
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Neural networks: why is max operator important?

(Before) Linear score function: f = Wz

(Now) 2-layer Neural Network f = Womax(0,|W;z)

The function max(0, z) is called the activation function.
Q: What if we try to build a neural network without one?

J=WyWix W3 = WolW; € RCXH, f=Wsax

A: We end up with a linear classifier again!
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ELU
10

. . f . ReLU is a good default {“‘(x_l) =20
Activation tunctions choice for most problems
RelU Lo Leaky RelLU o
max(0, x) max(0.1x, x) 10 10
| GELU }
X ®(x)
_1‘2—//—- 10
-10 ¢ 10 -2
Sigmoid . Tanh 1 = - "
0(x) = 5= tanh(x) = £=¢2 SiLU “
fix) =x-o(x)
10 10
-10 o 10 1 -10 B 10
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Neural networks: Architectures

&
XU/
«(

',‘
®

e
\
X

)

oA o b
)
\“' . output layer
output layer
input layer input layer

hidden layer hidden layer 1 hidden layer 2

“3-layer Neural Net”, or
“2-layer Neural Net”, or “2-hidden-layer Neural Net”

1-hidden-layer Neural Net “Fully-connected” layers
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Example feed-forward computation of a neural network

input layer

hidden layer 1 hidden layer 2

f = lambda x: 1.0/(1.0 + np.exp(-x)) # activation functio

X = np.random.randn(3, 1) # random input vector th

hl = f(np.dot(Wl, x) + bl) # calculate first hidden layer a
h2 = f(np.dot(W2, hl) + b2) # calculate second hidden laye
out = np.dot(W3, h2) + b3 # output neuron (1
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Full implementation of training a 2-layer Neural Network needs ~20 lines:

import numpy as np
from numpy.random import randn

N, D_in, H, D_out = 64, 1668, 168, 10
%, ¥ = randn(N, D_in), randn(N, D_out)
wl, w2 = randn(D_in, H), randn(H, D_out)

for t in range(2000):
h=1/(1+ np.expl-x.dot{wl)))
y_pred = h.dot(w2)
loss = np.square(y_pred - y).sum()
print{t, loss)

grad_y_pred = 2.0 * (y_pred - y)
grad_w2 = h.T.dot(grad_y_pred)

grad_h = grad_y_pred.dot(w2.T)

grad_wl = x.T.dot{grad_h = h = (1 - h))

wl —= le-4 % grad_wl
w2 -= le-4 % grad_w2
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Full implementation of training a 2-layer Neural Network needs ~20 lines:

import numpy as np
from numpy.random import randn

N, D_in, H, D_out = 64, leee, lee, 18

%, y = randn(N, D_in), randn(N, D_out) Define the network
wl, w2 = randn(D_in, H), randn(H, D_out)

for t in range(2000):
h=1/(1+ np.expl-x.dot{wl)))
y_pred = h.dot(w2)
loss = np.square(y_pred - y).sum()
print(t, loss)

grad_y_pred = 2.0 * (y_pred - y)
grad_w2 = h.T.dot(grad_y_pred)

grad_h = grad_y_pred.dot(w2.T)

grad_wl = x.T.dot{grad_h = h = (1 - h))

wl —= le-4 % grad_wl
w2 -= le-4 % grad_w2
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Full implementation of training a 2-layer Neural Network needs ~20 lines:

import numpy as np
from numpy.random import randn

N, D_in, H, D_out = 64, 1l@0eée, lee, 18
%, y = randn{N, D_in), randn(N, D_out) Define the network
wl, w2 = randn(D_in, H), randn(H, D_out)

for t in range(2000):
h=1/(1+ np.expl-x.dot{wl)))
y_pred = h.dot(w2) Forward pass
loss = np.square(y_pred - y).sum()
print{t, loss)

grad_y_pred = 2.0 * (y_pred - y)
grad_w2 = h.T.dot(grad_y_pred)

grad_h = grad_y_pred.dot(w2.T)

grad_wl = x.T.dot{grad_h = h = (1 - h))

wl —= le-4 % grad_wl
w2 -= le-4 % grad_w2
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Full implementation of training a 2-layer Neural Network needs ~20 lines:

import numpy as np
from numpy.random import randn

N, D_in, H, D_out = 64, 1l@0eée, lee, 18
%, y = randn{N, D_in), randn(N, D_out) Define the network
wl, w2 = randn(D_in, H), randn(H, D_out)

for t in range(2000):
h=1/(1+ np.expl-x.dot{wl)))
y_pred = h.dot(w2)
loss = np.square(y_pred - y).sum()
print{t, loss)

Forward pass

grad_y_pred = 2.0 * (y_pred - y)
grad_w2 = h.T.dot(grad_y_pred)

grad_h = grad_y_pred.dot(w2.T)

grad_wl = x.T.dot{grad_h = h = (1 - h))

Calculate the analytical gradients

wl —= le-4 % grad_wl
w2 -= le-4 % grad_w2
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Full implementation of training a 2-layer Neural Network needs ~20 lines:

import numpy as np
from numpy.random import randn

N, D_in, H, D_out = 64, 1668, 168, 10
%, ¥ = randn(N, D_in), randn(N, D_out)
wl, w2 = randn(D_in, H), randn(H, D_out)

for t in range(2000):
h=1/(1+ np.expl-x.dot{wl)))
y_pred = h.dot(w2)
loss = np.square(y_pred - y).sum()
print{t, loss)

grad_y_pred = 2.0 * (y_pred - y)
grad_w2 = h.T.dot(grad_y_pred)

grad_h = grad_y_pred.dot(w2.T)

grad_wl = x.T.dot{grad_h = h = (1 - h))

wl —= le-4 % grad_wl
w2 -= le-4 % grad_w2

Define the network

Forward pass

Calculate the analytical gradients

Gradient descent

Fei-Fei, Adeli, Durante, Johnson, Xiang
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Setting the number of layers and their sizes

3 hidden neurons 6 hidden neurons 20 hidden neurons
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more neurons = more capacity

Fei-Fei, Adeli, Durante, Johnson, Xiang Lecture 4 - 32 April 9,2025



Do not use size of neural network as a regularizer. Use stronger regularization instead:

A =0.001 A =0.01 A=0.1
o 1 T e —— ]
® o ® o) ® o
o ® ©
+ ¢ q o e ©
@ - e L] - © [0} ° (o)
) ® o i 1) @ o : 1) @ e e
° ® ° ® ° ¢
@ © (5] o © >)
® o (o) <] (o] (5} (&) ¢ o
® ® ® © e e o ¢ S > @ ©
o [ (5] [0} © [o]

(Web demo with ConvNetJS:

http://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.htm l)

N
1
LW) = = 37 Lilf (@i, W), 35) + AR(W)
TensorFlow Play Ground: https://playground.tensorflow.org/ i=1
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http://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.html
https://playground.tensorflow.org/

Thisimage by Fotis Bobolasis licensed under CC-BY 2.0

Fei-Fei, Adeli, Durante, Johnson, Xiang Lecture 4 - 34 April 9,2025


https://www.flickr.com/photos/fbobolas/3822222947
https://www.flickr.com/photos/fbobolas
https://creativecommons.org/licenses/by/2.0/
https://creativecommons.org/licenses/by/2.0/
https://creativecommons.org/licenses/by/2.0/

Impulses carried toward cell body

\ dendrite
presynaptic
terminal

axon

cell body

Impulses carried av'vay
from cell body

Thisimage byFelipe Perucho
is licensed under CC-BY 3.0
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https://thenounproject.com/term/neuron/214105/
https://creativecommons.org/licenses/by/3.0/us/
https://creativecommons.org/licenses/by/3.0/us/
https://creativecommons.org/licenses/by/3.0/us/

Impulses carried toward cell body

\ dendrite
presynaptic
terminal

axon

cell body

Impulses carried av'vay
from cell body

L0 wo

*@® synapse
axon from a neuron
woTo

Thisimage byFelipe Perucho
is licensed under CC-BY 3.0

cell body

f (Zw,r, +b)
Zw,m,- +b :

output axon

activation
function

Wa T2
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Impulses carried toward cell body
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presynaptic
terminal
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cell body

Impulses carried av'vay
from cell body

L0 wo

*@® synapse
axon from a neuron
woTo

Thisimage byFelipe Perucho
is licensed under CC-BY 3.0

cell body f (Z wiz; + b)
i > Z w;x; +b : >
: output axon
sigmoid activation function activation
1 Wo Ty function
l+e™™
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https://thenounproject.com/term/neuron/214105/
https://creativecommons.org/licenses/by/3.0/us/
https://creativecommons.org/licenses/by/3.0/us/
https://creativecommons.org/licenses/by/3.0/us/

Biological Neurons: Neurons in a neural network:
Complex connectivity patterns Organized into regular layers for
| V02 y computational efficiency

input layer

hidden layer 1 hidden layer 2
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https://www.maxpixel.net/Brain-Structure-Neurons-Brain-Network-Brain-Cells-582052
https://creativecommons.org/publicdomain/zero/1.0/deed.en

Biological Neurons: But neural networks with random
Complex connectivity patterns connections can work too!

o

\

Y
lz" . LA

Xieet al, “Exploring Randomly Wired Neural Networks for Image Recognition”, IEEE/CVF
International Conference on Computer Vision2019
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https://www.maxpixel.net/Brain-Structure-Neurons-Brain-Network-Brain-Cells-582052
https://creativecommons.org/publicdomain/zero/1.0/deed.en

Be very careful with your brain analogies!

Biological Neurons:
e Manydifferent types
e Dendrites can perform complex non-linear computations
e Synapses are not a single weight but a complex non-linear dynamical system

[Dendritic Computation. London and Hausser]
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Plugging in neural networks with loss functions

s = f(x; W1, Wy) = Womax(0, Wix) Nonlinear score function
L; = Z max (0, 8j — 8y, + 1) Hinge Loss on predictions
JFYi
R(W) = Z W Regularization
k

N
L = % Z L; + AR(W71) + AR(W5) Total loss: data loss + regularization
i=1
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Problem: How to compute gradients?

s = f(x; Wy, Ws) = Womax(0, Wiz) Nonlinear score function
L; = Z max (0, S;j— 8y, +1) Hinge Loss on predictions
IFYi
R(W) = Z W7 Regularization
k

N
I = % Z L; + AR(W;) + AR(W,) Total loss: data loss + regularization

1=1

oL OL
oWy~ OWs

If we can compute then we can learn W, and W,
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(Bad) Idea: Derive V4, L, on paper

s= [l W) =Wa Problem: Very tedious: Lots of matrix
L; = z max(0,s; — s, + 1) CalCUlUS, need lots of paper

iy Problem: What if we want to
= > max(0, W, -x+ Wy, .-z +1) change loss? E.g. use softmax
iy instead of hinge? Need to re-derive

everything from scratch!

N
L= %ZL; +AY W
=1 k

N
1 i
= Y (0. Wy w4 W+ 1) £ A W
d -

i=1 j#yi

Problem: Not feasible for very
complex models!

N
Vwl =Vw (’t Z Z max(0, W;,-a +W,, .-ax+1)+ /\Z V.”f)
A..

=1 jFuy;
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Better Idea: Computational graphs + Backpropagation

f = Wzx| [Li =)_,., max(0,s; — sy, + 1)

S0—@——:
\/
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Convolutional network =
(AlexNet)

PHASIE e
"-_. Il::‘k

Input image Ll

weights  ' _‘

[
—>

loss

Figure copyright Alex Krizhevsky, Ilya Sutskever, and
Geoffrey Hinton, 2012. Reproduced with permission.
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Really complex neural
networks!! /

Input image /

loss \

Figure reproduced with pemission from a Twitter post by Andrej Karpathy.
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https://twitter.com/karpathy/status/597631909930242048?lang=en

Neural Turing Mach

@
|

Figure reproduced with pe mission from a Twitter post by Andrej Karpathy.
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https://twitter.com/karpathy/status/597631909930242048?lang=en

Solution: Backpropagation

Fei-Fei, Adeli, Durante, Johnson, Xiang Lecture 4 - 49 April 9,2025



Backpropagation: a simple example

f(z,y,2) = (z + y)z
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Backpropagation: a simple example

f(z,y,2) = (z + y)z

Fei-Fei, Adeli, Durante, Johnson, Xiang

Lecture4 - 51

April 9,2025



Backpropagation: a simple example X 2

f(z,9,2) = (z +y)= yDGQ3

e.g.X=-2,y=5,z=-4
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Backpropagation: a simple example X 2

flz,y,2) = (z + y)z yD@M

e.g.X=-2,y=5,z=-4

g=—x+y —:1!_:1
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Backpropagation: a simple example X 2

f(z,9,2) = (z +y)= yDGQ3

e.g.X=-2,y=5,z=-4

Zz -4
_ 99 _
g=z+y S =1, ay =1
ar _ _ of
f=aqz 0= %5 =4
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Backpropagation: a simple example X 2

f(z,9,2) = (z +y)= yDGQ3

e.g.X=-2,y=5,z=-4

z -4
_ g _ . Oq
= +Y 5—1,@—1
_ of _ _ of
f_qz @q z’@z q
of of Of

Want: o R
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Backpropagation: a simple example X 2

f(z,9,2) = (z +y)= yDGQ3

e.g.X=-2,y=5,z=-4

_ g _ . Oq
= +Y 5—1,@—1
_ of _ _ of
f_qz @q z’@z q
of of Of

Want: o R
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Backpropagation: a simple example X 2

f(z,9,2) = (z +y)= yDGQ3

e.g.X=-2,y=5,z=-4

_ g _ . Oq
= +Y 5—1,@—1
_ of _ _ of
f_qz @q z’@z q
of of Of

Want: o R
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Backpropagation: a simple example X 2

f(z,9,2) = (z +y)= yDGQ3

e.g.X=-2,y=5,z=-4

_ g _ . Oq
= +Y 5—1,@—1
_ of _ _ of
f_qz @q z’@z q
of of Of

Want: o R
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Backpropagation: a simple example X 2

f(z,9,2) = (z +y)= yDGQ3

e.g.X=-2,y=5,z=-4

_ g _ . Oq
= +Y 5—1,@—1
_ of _ _ of
f_qz @q z’@z q
of of Of

Want: o R
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Backpropagation: a simple example X 2

f(z,9,2) = (z +y)= yDGQ3

e.g.X=-2,y=5,z=-4

_ g _ . Oq
= +Y 5—1,@—1
_ of _ _ of
f_qz @q z’@z q
of of Of

Want: o R
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Backpropagation: a simple example

f(z,y,2) = (z + y)z

e.g.x=-2,y=5,z=-4

_ dq . 09
g=z+y =15 =1
B &
f=4qz 0= %5 =4
of Of of

Want: 637’ 3yj 6.2:
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Backpropagation: a simple example

f(z,y,2) = (z + y)z

e.g.x=-2,y=5,z=-4

_ dq . Oq
q=+Y o = 1 i i |
- of _  of _ Chain rule; Oy
~ of of of Oy  0q oy
Want. Ox 4 33/, 0z Upstre/'am L;cal

gradient gradient
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Backpropagation: a simple example

f(z,y,2) = (z + y)z

e.g.x=-2,y=5,z=-4

_ dq . Oq
q=+Y o = 1 i i |
- of _  of _ Chain rule; Oy
~ of of of Oy  0q oy
Want. Ox 4 33/, 0z Upstre/'am L;cal

gradient gradient
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Backpropagation: a simple example

f(z,y,2) = (z + y)z

e.g.x=-2,y=5,z=-4

_ g . 0Oq¢
- oF . of Chain rule: O
f_qz Bq z’@z 9 ﬁf—ﬂ@
. of of Of or  0Oq O
Want. Ox 4 33/ ’ 0z Upstre/'am L;cal

gradient gradient
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Backpropagation: a simple example

f(z,y,2) = (z + y)z

e.g.x=-2,y=5,z=-4

_ g . 0Oq¢
- oF . of Chain rule: O
f_qz Bq z’@z 9 ﬁf—ﬂ@
. of of Of or  0Oq O
Want. Ox 4 33/ ’ 0z Upstre/'am L;cal

gradient gradient
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=
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“local gradient”

\ 4

Fei-Fei, Adeli, Durante, Johnson, Xiang Lecture4 - 67 April 9,2025



“local gradient”

0z
Ox f >
& e
% % 0z
“Upstream
gradient”
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C?;{C - “local gradient”
3 A
X< o, 2
CAS Ox ~
o
“Downstream f .
gradients” o : =
dy 02
%
“Upstream
gradient”
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@QC “local gradient”
¥/ s 0z

44 @2'
Downstream f .
gradients” : =

Q|®

% 2

97

B %ﬁ; “Upstream
gradient”
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C?;{C - “local gradient”
G
X o 2z
Os P Ox ~
o,
“Downstream f ~
gradients” 92 oL
Ay Dz
Y

- % N “Upstream
gradient”
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1

Another example: L e e

w0
x0
wil

Do

w2

©
®
®
®
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1

Another example: L e e

w0 2.00

©
®
®
®
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1

Another example: L e e
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1

Another example: L e e

e = T | -1 & & e
fo(z) =az g %:a flz)=c+=z o %:1
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1

1 4+ e (womptwizy +ws)

Another example: flw,z)

\'-'O _ 1. ._

1.00 @ 00 @

R B foebad
Fle)y =" — %zfzz f(;r:)zé — % —1/.:*.:2
fo(z) =az g %=ﬂ flz)=c+=z o %:1
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1

1 4+ e (womptwizy +ws)

Another example: flw,z)

Upstream Local
gradient gradient

~a _¥1
(1.00)(13?2) = —0.53
sy O df o oo I 1 df 2
f(x)—f: s E_e f(:l?)=; — E —1/5.-"
o df B o df
7, () =ax — a—ﬂ flz)=c+=z — E_l
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1

1 4+ e (womptwizy +ws)

Another example: flw,z)

\'-'O _ 1. ._

D @ -1.00 exp

e = T | -1 = & e
fo(z) =az g %=ﬂ flz)=c+=z o %:1
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1

Another example: f(w’m) B 1+ e —(Wozo+wiz1+ws)

\'-'O _ 1. ._

Upstream Local
gradient gradient
~a ¥
(—0.53)(1) = —0.53

D @ -1.00 exp

e = T | -1 = & e
fo(z) =az g %=ﬂ flz)=c+=z o %:1
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1

Another example: f(w’m) B 1+ e —(Wozo+wiz1+ws)

z d 5 1 d
e S L= fla) =< = =Y
fo(z) =az g %=ﬂ flz)=c+=z o %:1
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1

1 4+ e (womptwizy +ws)

Another example: flw,z)

Upstream Local

gradient gradient
~a ¥

(—0.53)(e™1) = —0.20

Darr-m\l aar

z d 5 1 d
e S L= fla) =< = =Y
fo(z) =az g %=ﬂ flz)=c+=z o %:1
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1

Another example: f(w’m) B 1+ e —(Wozo+wiz1+ws)

\'-'O _ 1. ._

10 oAl (R

e i T | -1 & & e
fo(z) =az g %=ﬂ flz)=c+=z o %:1
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1

Another example: f(w’m) B 1+ e —(Wozo+wiz1+ws)
w0 2.00
Upstream  Local
gradient gradient
~a ¥

(—0.20)(—1) = 0.20

R df i o 1 df 2

f(x)—f: e E_e f(:l?)=; — E —1/5.-"
d

7, () =ax — é:ﬂ fx)=c+=x —3 %:1
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1

Another example: L e e

w0 2.00

e = T | -1 & & e
fo(z) =az g %=ﬂ flz)=c+=z o %:1

Fei-Fei, Adeli, Durante, Johnson, Xiang Lecture 4 - 84 April 9,2025



1

Another example: L e e

w0 2.00

[upstream gradient] x [local gradient]
[0.2] x[1] =0.2
[0.2] x[1] =0.2 (both inputs!)

e = T | -1 & & e
fo(z) =az g %:a flz)=c+=z o %:1
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1

Another example: L e e

w0 2.00

x1 -2.00

e = T | -1 & & e
fo(z) =az g %=ﬂ flz)=c+=z o %:1
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1

Another example: L e e

wild 200
0.20

[upstream gradient] x [local gradient]
w0: [0.2] x[-1]=-0.2
x0:[0.2]x [2]=0.4

=0 -1.00

1.00 (;TI‘\ 1.00 g\. 0.37 /:I‘\ 137 /E;\., 0.73
020 N__/ 020 \J}' 053 N/ 053 \_O/ 1w
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1

Another example: flw,z) = Computational graph
1 + e (wozotwizi+ws) representation may not be
| unique. Choose one where
* u”r:. Sigmoid 1 local gradients at each
. function o(z) = 1+ e-®| hodecan be easily
expressed!
- Sigmoid

xl -2

1.00 (;:“I\l 1.00 _}{;;;}\I 0.37 /:i‘\_ 1.37 _I/E;\., 0.73
020 N/ 020 Y sz \__J 05 | 100

0.20
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1

Another example: flw,z) = Computational graph
1 + e (wozotwizi+ws) representation may not be
| unique. Choose one where
* u”r:. Sigmoid 1 local gradients at each
function o(z) = 1+ e-®| hodecan be easily
x0 -1.00
expressed!
- Sigmoid
100 f ATY 100 N 037 D137 Y073
xl 2. 020 | A\ o X5 o \ YT

0.20

Sigmoid local ~ do(z)  e”® _ k™ =1 1 A
gradient: dez (1+e—r)2 - ( ) ( )— (1-o(z))o(z)
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1

Another example: flw,z) = Computational graph
1 + e (wozotwizi+ws) representation may not be
unique. Choose one where
* u”r:. Sigmoid 1 local gradients at each
function o(z) = 1+ e-®| hodecan be easily
X0 L0 expressed!
- Sigmoid
1.00 (;TI‘\ 100 /N 037 /"I‘\ 137 0.73
xl 2. 020 | A\ 00 s\ oS Mo

0.20 [upstream gradient] x [local gradient]
[1.00] x [(1 - 1/(1+e1)) (1/(1+e1))]=0.2

Sigmoid local ~ do(z) e (1+e" -1 1 T
gradient: dx (1+ e—x)2 l1+e? I+e—®
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1

Another example: flw,z) = Computational graph
1 + e (wozotwizi+ws) representation may not be
| unique. Choose one where
" u”r:. Sigmoid 1 local gradients at each
function o(z) = 1+ e-®| hodecan be easily
X0 L0 expressed!
= Sigmoid
100 (;;i\ I'””_}g;;"\' 0.37 /:I\‘— 137
xl -2. o2 | N/ w20 U w053 A/ -053

w2

0.20 [upstream gradient] x [local gradient]
[1.00] x [(1-0.73) (0.73)] =0.2

Sigmoid local ~ do(z) e (14 e -1 1 T
gradient: dx (1+ e—x)2 l1+e? —z
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Patterns in gradient flow

add gate: gradient distributor

3
2 O\
O
2
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Patterns in gradient flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 \@ . 5*3=15 ’
- O
47 S
2 5*2=10
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Patterns in gradient flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 \@ . 5*3=15 ’
- O
47 S
2 5*2=10

copy gate: gradient adder
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Patterns in gradient flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 \@ . 5*3=15 ’
- O
47 S
2 5*2=10
copy gate: gradient adder max gate: gradient router
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Backprop Implementation:
“Flat” code

wid 200
00,20

0 -1.00

wl

xl

0.20

Forward pass:
Compute output

Backward pass:
Compute grads

x0, wl, x1, w2):

def f(we@,
s@ = wl
sl = wl
s2 = s@
s3 = s2

%
*
+

+

L = sigmoid(s3)

x0
x1
sl
w2

grad_L = 1.0

grad_s3 = grad_L * (1 - L) = L
grad_w2 = grad_s3

grad_s2 = grad_s3

grad_s® = grad_s2

grad_sl = grad_s2

grad_wl = grad_sl % x1

grad_x1 = grad_sl * wl

grad_w@ = grad_s@ * x@

grad_x@ = grad_s@ * w@
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def f(wd, x0, wl, x1, w2):

Backprop Implementation: S0 = wo * x0
« ” -
Flat” code Forward pass: 2; B :; t ':1
Computeoutput | ) S
“’iﬂ; L = sigmoid(s3)
x0 -1.00 Base case grad_L = 1.0

grad_s3 = grad_L * (1 - L) = L
grad_w2 = grad_s3
grad_s2 = grad_s3
grad_s® = grad_s2
grad_sl = grad_s2

wl

xl

grad_wl = grad_sl % x1
grad_x1 = grad_sl * wl
grad_w@ = grad_s@ * x@
grad_x@ = grad_s@ * w@

0.20
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) def f(wo, x0, wl, x1, w2):
Backprop Implementation: "

« » a
Flat” code Forward pass: 2; - :; t ‘:i

Compute output 3 = 2 4w

5
wl 200 || L = sigmoid(s3)

Il

00,20

0 -1.00

grad_L = 1.0
Sigmoid grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3
1.00 grad_s2 = grad_s3
0.20 grad_s@ = grad_s2
grad_sl = grad_s2

wl

xl

grad_wl = grad_sl % x1
grad_x1 = grad_sl * wl
grad_w@ = grad_s@ * x@
grad_x@ = grad_s@ * w@

.20
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Backprop Implementation:
“Flat” code

wid 200
00,20

0 -1.00

Forward pass:
Compute output

Add gate

x0, wl, x1, w2):

def f(we@,
s@ = wd * x0
sl = wl * x1
s2 = 50 + sl
§3 = 52 + w2
L = sigmoid(s3)

grad_L = 1.0

grad s3 = grad L * (1 - L) * L
grad_w2 = grad_s3

grad_s2 = grad_s3

grad_s® = grad_s2

grad_sl = grad_s2

grad_wl = grad_sl % x1

grad_x1 = grad_sl * wl

grad_w@ = grad_s@ * x@

grad_x@ = grad_s@ * w@
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def f(wd, x0, wl, x1, w2):

Backprop Implementation: —
« ” B

Flat” code Forward pass: 5; — W; t xi

Computeoutput |B2— " " °

s3 = 52 + w2

% L = sigmoid(s3)
=200
T grad_L = 1.0
grad_s3 = grad_L * (1 - L) = L
WI:ifi grad_w2 = grad_s3
:X} :;!E: . 100 oy grad_s2 = grad_s3
M2 020 Add oat grad_s® = grad_s2
___J;H#ff,ff’fffffffff gate grad_sl = grad_s2
wé 2o grad_wl = grad_s1 * x1

.20

grad_x1 = grad_sl * wl
grad_w@ = grad_s@ * x@
grad_x@ = grad_s@ * w@
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def f(wd, x0, wl, x1, w2):

Backprop Implementation: S0 = w0 * x0
« ” =
Flat” code Forward pass: 5; — W; t xi
Compute output 23 i :2 . :2
“’ii& L = sigmoid(s3)

x0 -1.00
0.40

grad_L = 1.0
grad_s3 = grad_L * (1 - L) = L
grad_w2 = grad_s3

grad_s2 = grad_s3
xl:i:j grad_s@ = grad_s2

grad_sl = grad_s2
wz;igL#ff’”f#### grad_wl = grad_sl * x1

020 Multiply gate

wl =300

-[).40
6.00

0.20

grad_x1 = grad_sl * wl
grad_w@ = grad_s@ * x@
grad_x@ = grad_s@ * w@

Fei-Fei, Adeli, Durante, Johnson, Xiang Lecture4 - 101 April 9,2025



. def f(wo, x0, wl, x1, w2):
Backprop Implementation: —— ot
« ” —
Flat” code Forward pass: 5; - W; t xi
Compute output 23 ; :2 . :2

0.20 o0 L = sigmoid(s3)
x0 -1.00 020
grad_L = 1.0

- grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3
grad_s2 = grad_s3
grad_s@® = grad_s2
grad_sl = grad_s2

wl =300

xl

grad_wl = grad_sl % x1
grad_x1 = grad_sl * wl
grad_w@ = grad_s@ * x@
grad_x@ = grad_s@ * w@

.20

Multiply gate
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Modularized implementation: forward / backward API
Gate / Node / Function object: Actual PyTorch code

class Multiply(torch.autograd.Function):

X @staticmethod
7 def forward(ctx, x, y): Need to cache some

ctx.save_for_backward(x, y) < values for use in
zZ =X kY backward

y return z

@staticmethod
(X y,Z are scala rs) def backward(ctx, grad_z): < Upst_ream
i gradient

X, Yy = ctx.saved_tensors

grad_x = vy * grad_z # dz/dx * dL/dz Multiply upstream
grad_y = x * grad_z # dz/dy * dL/dz | and local gradients

return grad_x, grad_y
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Example: PyTorch operators

D e w -

THARN | generic L L
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#ifndef TH_GENERIC_FILE

#define TH_GENERIC_FILE "THNN/generic/Sigmoid.c" PyTorCh Singid layer

gelse

void THNN_(Sigmoid_updateOQutput)( war
THNNState xstate, For d d
THTensor =input, ]_
THTensor *output) < _

¢ < alar) = 1 T

THTensor_(sigmoid) (output, input); _+_ €
}

void THNN_(Sigmoid_updateGradInput)(
THNNState =xstate,
THTensor *gradOutput,
THTensor =gradInput,
THTensor *output)

THNN_CHECK_NELEMENT (output, gradOutput);

THTensor_(resizeAs)(gradlnput, output);

TH_TENSOR_APPLY3(scalar_t, gradlnput, scalar_t, gradOutput, scalar_t, output,
scalar_t z = xoutput_data;
*gradinput_data = xgradOutput_data = (1. - z) * 2z;
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https://github.com/pytorch/pytorch/blob/517c7c98610402e2746586c78987c64c28e024aa/aten/src/THNN/generic/Sigmoid.c

#ifndef TH_GENERIC_FILE
gdefine TH_GENERIC_FILE “THNN/generic/Sigmoid.c"

PyTorch sigmoid layer

static vold sigmoid_kernel(TensorIterators iter) {
AT_DISPATCH_FLOATING_TYPES{iter.dtypel), “sigmoid_cpu™, [&]I() {

unary_kernel_vec(

iter,

a = a.expl);

gelse

void THNN_(Sigmoid_updateOQutput)( F rwar
THNNState xstate, 0 d d
THTensor =input, ]_
THTensor =*output) < _

( = alar) =

THTensor_(sigmoid) (output, input);
}

void THNN_(Sigmoid_updateGradInput)(

THNNState *state,
THTensor *gradOutput,

[=){scalar_t a) - scalar_t {[return (1 /7 (1 + std:zexpii-a))));: ]},
amaiam " e [=]{vec256=<scalar_t> a) {
1 _I_ E—m a = Vec2SG<scalar_t=((scalar_t}(a)) - a;

a = Vec2Sb<scalar_t=({scalar_t}(1]} + a;

a = a.reciprocall);
return a;
¥
H;

Forward actually
defined elsewhere...

THTensor =gradInput,
THTensor *output)

return (1 / (1 +

std::exp((-a))));

THNN_CHECK_NELEMENT (output, gradOutput);

THTensor_(resizeAs)(gradInput, output);

TH_TENSOR_APPLY3(scalar_t, gradlnput, scalar_t, gradOutput, scalar_t, output,
scalar_t z = xoutput_data;
*gradinput_data = xgradOutput_data = (1. - z) * 2z;
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https://github.com/pytorch/pytorch/blob/517c7c98610402e2746586c78987c64c28e024aa/aten/src/THNN/generic/Sigmoid.c
https://github.com/pytorch/pytorch/blob/82b570528db0a43fc04bb90f5d4538c01e4a5582/aten/src/ATen/native/cpu/UnaryOpsKernel.cpp

#ifndef TH_GENERIC_FILE
gdefine TH_GENERIC_FILE "THNN/generic/Sigmoid.c"

PyTorch sigmoid layer

gelse
tatic wvoid i:qrr.c-::l_km'wl:Tensortteratnr& iter) {
void THNN_(Sigmoid_updateOutput) ( Forwa rd AT_DISPATCH_FLOATING_TYPES{iter.dtypel), “sigmoid_cpu™, [&]I() {
THNNState xstate, unary;kernﬂ‘”e“
iter,
THTensor *xinput, ]_ [=l{scalar_t a) == scalar_t { return (1 / (1 + std::exp({-all)}); },
THTensor =xoutput) < J(ﬂ:) _ [=]{Vec25B=<scalar_t> a) {
{ - 1 _|_ E_m a = Vec2SG=scalar_t=((scalar_t) (@)} - a;
THTensor_(sigmoid) (output, input); a = a.expll;
3 = Vec2Sb<scalar_t=({scalar_t}(1)) + a;
} a = a.reciprocall);
return ﬂ;
void THNN_(Sigmoid_updateGradInput)( ¥ Forwa rd aCtua“y
THNNState *state ¥ 1
' * defined elsewhere...
THTensor #gradOutput, b
THTensor =xgradInput,
THTensor *output)
{
THNN_CHECK_NELEMENT (output, gradOutput);
THTensor_(resizeAs)(gradInput, output); Backwa rd

TH_TENSOR_APPLY3(scalar_t, gradlnput, scalar_t, gradOutput, scalar_t, output,
scalar_t z = xoutput_data;
*gradinput_data = xgradOutput_data = (1. - z) * 2z;

(1 —a(z))o(z)
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https://github.com/pytorch/pytorch/blob/517c7c98610402e2746586c78987c64c28e024aa/aten/src/THNN/generic/Sigmoid.c
https://github.com/pytorch/pytorch/blob/82b570528db0a43fc04bb90f5d4538c01e4a5582/aten/src/ATen/native/cpu/UnaryOpsKernel.cpp

So far: backprop with scalars

What about vector-valued functions?
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Recap: Vector derivatives

Scalar to Scalar
reR,yeR

Regular derivative:

Oy
— R
3xe

If x changes by a
small amount, how
much will y change?
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Recap: Vector derivatives

Scalar to Scalar
reR,yeR

Regular derivative:

dy

eR
oz

If x changes by a
small amount, how

much will y change?

%! ) )
L eRV Qﬁ):=t?
or n

Vector to Scalar

reRY yeR

Derivative is Gradient:

ox dx,,

For each element of x, if
it changes by a small
amount then how much

will y change?

April 9,2025
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Recap: Vector derivatives

Scalar to Scalar
reR,yeR

Regular derivative:

dy

eR
oz

If x changes by a
small amount, how

much will y change?

%! ol O
YT erN (22) =2
()T . Oz,

Vector to Scalar

reRY yeR

Derivative is Gradient:

ox

For each element of x, if

it changes by a small

amount then how much
will y change?

Vector to Vector
r e RN, yeRM

Derivative is Jacobian:

dy Y

()1 ox ) 0w,

For each element of x; if it
changes by a small amount
then how much will each

element of y change?
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Backprop with Vectors

i |
T Loss L still a scalar!

\
y/

=
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Backprop with Vectors

D T Loss L still a scalar!

X \
Dy/

=
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Backprop with Vectors

D T Loss L still a scalar!

/ 6—L
D.|Y 0z

“Upstream gradient”

A
A 4
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Backprop with Vectors

D T Loss L still a scalar!

/ 6—L
D, |Y 9z | Dz

“Upstream gradient”

For each element of z, how
much does it influence L?

A
A 4
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Backprop with Vectors

Loss L still a scalar!

“local

D, LL
\ gradientS”
920 Z] D,
a,-r P
“Downstream < f g
gradients” )
/ 6_L
D y / a.z DZ
y 0z 0
T « . ”
07 Upstream gradient
Y For each element of z, how
much does it influence L?
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Backprop with Vectors

Loss L still a scalar!

Dx L “local
\ gradients’
920, [Dyx D] Z| D,
“Downstream < f g
gradients” 0z )
D, x D.] OL
y z - | D
Dy Y 520 Jacobian 0z z
/@ matrices “Upstream gradient”
Y For each element of z, how
much does it influence L?
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Backprop with Vectors

Loss L still a scalar!

Dx L “local
\ gradients”
Dy G20z D, xD,] z] D,
0”,3; (9\ 8:1:
“Downstream . < f >
gradients” Matr|><l:cyelc tor oz «
Dy Y ‘4 Jacobian Oz z
/ﬁa matrices “Upstream gradient”
D Y For each element of z, how
y much does it influence L?
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Gradients of variables wrt loss have same dims as the original variable

D T Loss L still a scalar!

/ 6—L
D, |Y 9z | Dz

Yy
“Upstream gradient”
D For each element of z, how
y much doesitinfluence L?

)
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Backprop with Vectors

4D input x: 4D output z:
[1] —— — [ 1]
2] ——] f(x)=max(0x) | [0
3 (elementwise) — |2
[-1] —— — [ 0]
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Backprop with Vectors

4D input x: 4D output z:
[1] —— — [ 1]
2] ——] f(x)=max(0x) | [0
3 (elementwise) — |2
[-1] —— — [ 0]

4D dL/dz:

[4] —

[ -1] «—— Upstream
[5] «—— gradient
[ 9

Fei-Fei, Adeli, Durante, Johnson, Xiang Lecture4- 121 April 9,2025



Backprop with Vectors

4D input x: 4D output z:
[1] —— — [ 1]

-2

_ _

f(x) = max(0,x)

[-2 ] [ 0]

[[31]] — 7| (elementwise) |7 7 {g}
Jacobian dz/dx 4D dL/dz:
[1000] — [4] «—
[0000] «—— [ -1] +—— Upstream
[0010] «——— [ 5] «—— gradient
[0000] «— [9] «—
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Backprop with Vectors

4D input x:

(1] ——
-2
3

[-2 ]
[3]
[ -1]

1

f(x) = max(0,x)
(elementwise)

[dz/dx] [dL/dZz]
[1000][4 ]
[0000][-1]
[0010][5]
[0000][9 ]

4D output z:

_—

[ 1]

4D dL/dz:

«—
«—
«—
«—

[4] ~—

[ -1] «—— Upstream
[5] «—— gradient
[ 9
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Backprop with Vectors

4D input x: 4D output z:
[1] —— — [ 1]
2] ——] f(x)=max(0x) | [0
[[31]] "I (elementwise) | T {g}
4D dL/dx: [dz/dx] [dL/dZz] 4D dL/dz:
[4] «<—— [1000][4] — [4] —
(0] «=— [0000][-1] «—— [ -1] «+—— Upstream
[5] «<— [0010][5] «——— [ 5] «—— gradient
[0] «—— [0000][9] — [9] —
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Backprop with Vectors

4D input x: 4D output z:
(1] —— — [ 1]
Jacobianis sparse: [[ 3 ]] :: f( )= max(Q,x) :: { g %
oot [ 1] | \clementuisel [ o
explicitly form
o 4D dL/dx: [dz/dx] [dL/dz] 4D dL/dz:
multiplication [4] «<— [1000][4 ] — [4] «—
(0] = [0000][-1] < [-1] ¥~ Upstream
[5] <—— [0010][5]  <—— [5]«—— gradient
(0] «—— [0000][9] — [9] «—
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Backprop with Vectors

4D input x:
[1] ——
[-2] ——
Jacobianis sparse:
off-diagonal entries [ 3 ]
always zero! Never [-l] — >
explicitly form

f(x) = max(0,x)
(elementwise)

Jacobian -- instead

4D output z:
— [ 1]
— [ 0]
— [ 3]
—— [ 0]

4D dL/dz:

use implicit 4D dl—/dX: [dZ/dX] [dL/dZ]
multiplication [4] < .-
(0] + (%) B (S—‘;‘) if z; >0
(5]« \0z /, 0
[0] +

4—
otherwise <
<_

[4] —

[ -1] «—— Upstream
[5] «—— gradient
[ 9
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Backprop with Matrices (or Tensors)

Loss L still a scalar!

dL/dx always has the
same shape as x!

<

f

Jacobian
matrices

Matrix-vector

M) Y

\ 4

[D,xM,]
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Backprop with Matrices (or Tensors) Loss L still a scalar!

dL/dx always has the

[DXXMX] L same shape as x!
[D.xM.] \
x Wy =~ izﬂ\é = [DZXMZ]
Own,Strea”m Matrix-vector <
gradients y’ oL
DM [Yl—— 92| (DM

5, 0 Jacobian
0:0L |
= Jy 0% matrices “Upstream gradient”
[DyxMy] For each element of z, how

much doesitinfluence L?

Fei-Fei, Adeli, Durante, Johnson, Xiang Lecture4- 128 April 9,2025



Backprop with Matrices (or Tensors) Loss L still a scalar!

dL/dx always has the

DM X “local same shape as x!
\ gradients”
[D,xM,] — g
= X9z Z | [D,xM,]
Ox 3
“Downstream Matrix-vector bl p ]
gradients” vz )

multiply oL
opm) [ —— 52| M)

5, 0 Jacobian
02 0L .
D xM.] = Jy 0% matrices “Upstream gradient”
X
y oy For each element of y, how much does For each element of z, how

it influence each element of z? much does itinfluence L?
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Backprop with Matrices (or Tensors) Loss L still a scalar!

- dL/dx always has the
DM [T local same shape as x!
\ gradients”
[DxM,]
~ D,xM, )x(D,xM
—_— (%{j\é [( X x) ( z z)] z [DZXMZ]
“Downstream Matrix-vector ¢ bl p ]

gradients” 21 [(DyxMy)%(D,xM,)] )

multiply oL
o) By 2] o,

5, 0 Jacobian
02 0L .
D.xM.] = Oy 0% matrices “Upstream gradient”
X
y oy For each element of y, how much does For each element of z, how

it influence each element of z? much does itinfluence L?
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Backprop with Matrices y: [NxM]

[13 9 -2 -6]
x: [NxD] > Matrix Multiply " [52171]
[2 1 -3]
[-3 4 2] Yn,m — Zflf-n..d"iﬂd..fn. C“_/dy [NXM]
w:[DxM] ___—" d . [23-39]
[321-1] [-8146]
[2132]
[321-2]

Also see derivation in the course notes:
http://cs231n.stanford.edu/handouts/linear-backprop.pdf
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http://cs231n.stanford.edu/handouts/linear-backprop.pdf
http://cs231n.stanford.edu/handouts/linear-backprop.pdf
http://cs231n.stanford.edu/handouts/linear-backprop.pdf

Backprop with Matrices y: [NxM]

[13 9 -2 -6]
x: [NxD] - Matrix Multiply —  [52171]
[2 1 -3]
[-3 4 2] Yn,m = Zfifﬂ..d“-’d.rn dL/dy: [NxM]
w:[DxM] ___—" ! ‘ [23-39]
[321-1] Jacobians: [-8146]
[213 2] dy/dx: [(NxD)x(NxM)]
[321-2] dy/dw: [(DxM)x(NxM)]

For a neural net we may have
N=64, D=M=4096
Each Jacobian takes ~256 GB of memory!
Must work with them implicitly!
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Backprop with Matrices y: [NxM]

[13 9 -2 6]

[X: [NXD]] > Matrix Multiply " [52171]
2[T 13

[-3 4 2] Yn,m = Zfifﬂ..d“?d.m dL/dy: [NxM]
w:[DxM] ___— ! < [23-39]
[321-1] Q: What parts of y are [-8146]
[2 13 2] affected by one
[ 32 1-2] element of x?
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Backprop with Matrices y: [NxM]

(13 9 -2 -6]

[X: [NXD]] > Matrix Multiply " [52171]
2[113

[-3 4 2] Yn,m = Zfifﬂ..d“?d.m dL/dy: [NxM]
w:[DxM] __— ! < [23-39]
[321-1] Q: What parts of y are [-8146]
[2 13 2] affected by one
[ 32 1-2] element of x?

A: [Trn.d |affects the
whole row Yn,,-

JL :Z OL  OYpn.m

Fei-Fei, Adeli, Durante, Johnson, Xiang Lecture4- 134 April 9,2025



Backprop with Matrices y: [NxM]

[13 9[2] 6]

[x: [NxD]] - | MatrixMultiply |~ [5217 1]
2113

[-3 4 2] Yn,m = Zfifﬂ..d“?d.m dL/dy: [NxM]
w:[DxM] __— a : [23-39]
[321-1] Q: What parts of y are [-8146]
[2132] affected by one Q: How much does[T,.d
[321-2] element of x? affect| Yn,m?

A: [Trn.d |affects the
whole row Yn,,-

JL :Z OL  OYpn.m
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Backprop with Matrices y: [NxM]

[13 9[-2]-6]
x: [NxD] - Matrix Multiply [5217 1]
[2]1 }3]
[-3 4 2] Yn.m = Zfifﬂ..d“?d.m dL/dy: [NxM]
w:[DxM] __—" d : [23-39]
[321-1] Q: What parts of y are [-8146]
[2 113 D] affected by one Q: How much does[Tp.d
[ 3 2 l _2] element Ofx? affect ‘y”-."”' ? mul gate: “swap multiplier”
A: |Tn.d | affects the A: Wi m T
whole row Yn,.- O
JL :Z 0L (?yn..m _ oL Wy, o
0."1.7-” d BU” m ()Tf"n..rf OUH m
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Backprop with Matrices

y: [NxM]

[13 9[-2]-6]
[X: [NXD]] > Matrix Multiply — " [52171]
2113
[-3 4 2] Yn,m = Zfifﬂ..d“?d.m dL/dy: [NxM]
w:[DxM] __— a : [23-39]
[321-1] Q: What parts of y are [-8146]
[ 2 113 P] affected by one Q: How much does[T,, .4
[321-2] element of x? affect| Yn,m?
A: |Tn.d |affects the A Wi m
[NxD] [NxM] [MxD] whole row Yn,- B
('E _ (0_L> -“;T oL — Z OL (‘).Un..m _ L W
ox Oy 0Ty 4 OYn.m 0Ty 4 — DYn,m
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Backprop with Matrices y: [NxM]

[13 9[2]-6]
X: [NxD] > Matrix Multiply — " [52171]
[ 2[1}3]
[-3 4 2] Yn,m — Zfifﬂ..d“?d.rn dL/dy: [NxM]
w:[DxM] __—" d : [23-39]
[321-1] [-8146]
[[§ ; :13;]] By similar logic:

[NxD] [NxM] [MxD] [DXM] [DxN] [NXM] These formulas are easy
‘ ‘ to remember: they are the
oL — (0_L> w! 8_1‘ - 3_L only way to make shapes
Ox dy ow dy match up!
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Summary for today:

e (Fully-connected) Neural Networks are stacks of linear functions and nonlinear
activation functions; they have much more representational power than linear classifiers

e backpropagation = recursive application of the chain rule along a computational graph
to compute the gradients of all inputs/parameters/intermediates

e implementations maintain a graph structure, where the nodes implement the forward()
/ backward() API

e forward: compute result of an operation and save any intermediates needed for gradient
computation in memory

e backward: apply the chain rule to compute the gradient of the loss function with respect
to the inputs
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Next Time: Convolutional Neural Networks!
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